Abstract. The universal ring for multiplicative equivariant formal group laws is shown to be closely related to the Rees ring of the representation ring at the augmentation ideal, but only equal to it if the group is topologically cyclic.
Introduction
The notion of an A-equivariant formal group law 2] for a compact abelian Lie group A was introduced to study complex oriented A-equivariant formal group laws, but has some intrinsic algebraic interest. The theorem 4] that the coe cient ring of equivariant complex bordism is the universal ring for equivariant formal group laws establishes that the de nition is the correct one. We shall be concerned here with a very special class of equivariant formal group laws: the multiplicative ones, which appear to play a privileged role amongst all equivariant formal group laws. However our principal motivation for considering this case is its importance in understanding equivariant K-theories, and its close relationship to representation theory. Much of the algebra presented here is closely mirrored in 1], and the author is grateful to R.R. Bruner for useful discussions and comments.
We recall the de nition of an A-equivariant formal group law to establish notation.
De nition 1.1. 2] If
A is a nite abelian group, an A-equivariant formal group law over a commutative ring k is a commutative topological k-algebra R with a coproduct : R ?! R^ R, a map : R ?! k A and an orientation y( ) 2 R with the following properties.
Firstly, makes R into a bicommutative Hopf algebra, and is a homomorphism of Hopf algebras. Secondly, (i) y( ) is regular (ii) R=(y( )) = k (induced by ( )) and (iii) The topology on R is complete and de ned by the ideal = ker( ).
Remark 1.2. (i) If
A is a general abelian compact Lie group the de nition is the same except that in Condition (iii), R is required to be complete with respect to the system of principal ideals given by nite intersections of kernels of the components ( ) : R ?! k of . The Hopf algebra k A is topologized as the product of discrete rings k. ( ii) The element y( ) is called the orientation of the formal group law. If the orientation is not speci ed, the resulting structure is called an equivariant formal group. (iii) One view is that an equivariant formal group law encodes the formal properties of the Euler classes e( ) = (y( ))( ?1 ).
The additive structure of every equivariant formal group law is topologically free, and we may therefore express the structure maps of R in terms of the basis. To describe this basis, we note the element y( ) determines elements y( ) for 2 A by the formula y( ) = 1 ( ( ) 1) (y( )). The completeness is thus equivalent to completeness with respect to the system of principal ideals generated by all nite products Q y( (ii) Given a multiplicative formal group law over k, we de ne a binary operation on k-modules by x m y = x + y ? vxy.
(iii) We also de ne a polynomial n](x) in v and x inductively by 0](x) = 0 and n](x) = ( n ? 1](x)) m x. Thus n](x) = (1 ? (1 ? vx) n )=v: Remark 1.6. (i) Note that v is not required to be a unit. In particular, we allow the degenerate case v = 0, which is usually referred to as an additive law. If v is a unit we say the formal group law is strictly multiplicative.
(ii) If we assign gradings so that jvj + jxj = 0, then the polynomial n](x) is homogeneous, and has the same degree as x. We shall give v degree 2. (iii) The coe cient of y( ) y( ) is named to correspond to the Bott element in topological K-theory. (iv) The notion depends heavily on the orientation: it is a property of the formal group law and not of its underlying formal group.
The purpose of the present note is to observe that there is a representing ring for multiplicative formal group laws, to identify it explicitly, and to relate it to representation theory. Readers used to equivariant formal group laws may be surprised by the simplicity of the answer.
To prepare for the statement, we consider the complex representation ring R(A). In the course of proving the theorem we will obtain a rather complete understanding of multiplicative formal group laws themselves. The rest of this section is devoted to deducing a number of consequences of the theorem. Proof: In view of Part (iii), it is appropriate to give the proofs of Parts (i) and (ii) in some detail.
We begin by proving Part (ii). If A is cyclic of order n the relation n](e) = 0 is equivalent to (1?ve) n = 1 once v is inverted, so Part (ii) follows from the presentation R(A) However it is also remarked that this cannot be true for all abelian groups. Indeed, the completion of the coe cient ring of A-equivariant connective K-theory must be ku (BA), and this usually has non-zero groups in odd degrees (for example if A is elementary abelian of rank 3). It would be very interesting to have a purely algebraic prediction for the coe cient ring of equivariant connective K-theory in general. Because there are no higher terms in the expression for y( ) the ring R is much simpler than for a general equivariant formal group law.
Corollary 2.2. The orientation y( ) is a topological generator of R.
The topological k-algebra R represents a formal scheme G (l) = Hom cts (R; l): The coproduct on R gives G (l) the structure of an abelian group. Proof: Because y( ) generates R, a map R ?! l is determined by its image, and we may view G (l) as a subset of l. However there are two di erences from a classical formal group law. Firstly, the element y( ) is not topologically nilpotent in general, and secondly it is not a free generator. Because the complete universe contains the trivial representation innitely often, y( ) is transcendental over k, and R is the completion of k y( )] with respect to y( ). Applying 2.1 we deduce the given description of A-nil(l).
Because G (l) can be viewed as an ideal in l as in the classical situation we de ne the polynomial n](x) inductively by 0](x) = 0 and n](x) = ( n ? 1](x)) m x. Thus n](x) = (1 ? (1 ? vx) n )=v:
Next we record the fact that the coproduct describes the Euler classes of tensor products. 3. Decoupling and its consequences. The purpose of this section is to show that for multiplicative formal group laws the coproduct and Euler classes can be largely separated. This then allows us to give the formal reduction of the main theorem to the cases of the nite cyclic groups and the circle.
An equivariant formal group is a more complicated object than a non-equivariant one. In the non-equivariant case, an orientation gives an isomorphism R = k y] and the coproduct is de ned relative to that ring structure. However, in general the ring structure on R depends on the structure map , and the formulation of the condition that is a Hopf map requires recursive use of itself. Fortunately, things are simpler in the multiplicative case. First note that the multiplicative coproduct is only polynomial and restricts to a coproduct on k y].
This allows us to prove the following key result separating the two parts of the structure for multiplicative group laws. Proof: First note that we may de ne a topology on k y] by taking y( ) = e( )+(1?ve( ))y in line with 2. so that 0 (y( )) vanishes in the 'th coordinate.
We may now let R be the completion of k y] for this topology. It is is clear that the multiplicative coproduct extends to R, and continuity of 0 ensures that it extends to a map . Finally we need to verify Conditions (i) and (ii) of De nition 1.1. For (i), suppose that a sequence (yf n (y)) n of polynomials tend to zero, so that any nite product of y( )'s divides some yf n (y). Since y is regular on k y] it follows that the sequence (f n (y)) n also tends to zero. For (ii), we know 0 (y)( ) = 0, so we need only note that if f n (y) is a convergent sequence then, since k is discrete, (f n (y))( ) is ultimately constant. However (f n (y))( ) = f n (0).
Finally, uniqueness of the formal group law follows since k y] is always dense by 2.2. We may now easily explain how the proof of the main theorem may be reduced to the special cases when A is the circle or a nite cyclic group. Note rst that an arbitrary abelian compact Lie group is a product of these special groups: this product decomposition propogates through the entire structure. For the following two well known lemmas, think of Hopf algebras as group objects in the category of cocommutative coalgebras (so in particular they are cocommutative). Lemma 3.3. If H 1 and H 2 are Hopf algebras then H 1 H 2 is also a Hopf algebra, and it is the categorical product.
Proof: It is a formality that the forgetful map from group objects in a category to all objects creates products. It therefore su ces to check that the tensor product of two coalgebras is their categorical product. Note that 2.2 shows that for any A the underlying ring R of an equivariant formal group law can be described as a completion of the polynomial ring k y] at the nite products Q y( ). Collecting together the results of the Section 2 we are able to give a more explicit description when A is nite. This makes the geometry of the situation a little clearer.
For the rest of the section we assume A is nite and adopt the abbreviations y = y( ) and x = y( ). ); : : : are topologically independent over k. It therefore su ces to establish the relation y N = ux + yr(y) in R, and we prove something a little more general, which applies whether A is nite or not.
Lemma 5.3. For any n 1 there is a relation y n = u n y( 1 )y( 2 ) y( n ) + yr n (y) in R where u n is a unit and r n (y) is of degree n ? 2. The element u n and the coe cients of r n (y) can be expressed as elements of Z v;e 1 ; e 2 ; : : : ; e s ] where the elements e 1 ; e 2 ; : : : ; e s are Euler classess of monoid generators of A . We have the recursive formulae u 1 = 1; r 1 (y) = 0 and for n 2, u n+1 = u n (1 ? ve( ?1 n+1 )) and r n+1 (y) = r n (y) y + e( n+1 )(1 ? ve( ?1 n+1 ))] ? y n?1 e( n+1 )(1 ? ve( ?1 n+1 )) Proof: We prove this by induction on n, noting it is trivial for n = 1. For the inductive step we suppose the result is true as stated and note that y( n+1 ) = e( n+1 ) + (1 ? ve( n+1 ))y by 2.1. Since (1 ? ve( n+1 )) is a unit by 2.5 we obtain y n+1 = u n y ( 1 ) 
